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Abstract

Inspired by factorized scattering from §-type impurities in (1 + 1)-dimensional
spacetime, we propose and analyse a generalization of the Zamolodchikov—
Faddeev algebra. Distinguished elements of the new algebra, called reflection
and transmission generators, encode the particle-impurity interactions. We
describe in detail the underlying algebraic structure. The relative Fock
representations are explicitly constructed and a general factorized scattering
theory is developed in this framework.

PACS numbers: 11.10.Jj, 11.10.Kk, 02.30.1k, 02.30.Zz

1. Introduction

Much progress has been made in the last two decades in understanding the physical properties
and the mathematical structure of integrable quantum systems in 1 + 1 dimensions. The idea
of factorized scattering, which can be traced back to the pioneering work of Yang [1], plays a
central role in most of the significant developments in this field. It has been recognized later,
that the algebraic structure in the basis of factorized scattering theory is the Zamolodchikov—
Faddeev (ZF) algebra [2—4]. This algebra represents a powerful tool for deriving not only
S-matrix amplitudes, but also form factors of local operators [5, 6].

Integrable models with boundaries [7-14] or defects [15-21] have recently also been the
subject of intense study. Since factorized scattering turns out to be fundamental in this context
as well, the natural problem that arises is to find the counterpart of the ZF algebra, which works
in the presence of reflecting and transmitting impurities. The main goal of the present paper
is to introduce such an algebra, called in what follows reflection—transmission (RT) algebra.
Our strategy is to generalize the approach to integrable systems on the half-line developed in
[14]. Besides the particle creation and annihilation operators, the RT algebra also involves
reflection and transmission (defect) generators. In the Fock representation, the latter acquire

4 On leave of absence from LAPTH.
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non-vanishing vacuum expectation values, defined in terms of the observable reflection and
transmission amplitudes of a single particle interacting with the defect. Together with the two-
body bulk scattering matrix, these amplitudes form the physical input. The structure of the RT
algebra is inspired by some exactly solvable integrable models with §-type impurities. Apart
from providing a useful test for the general set-up, these systems find concrete applications
[17,20] in conductance problems.

The paper is organized as follows. In the next section we focus on quantum inverse
scattering with é-impurities. The general concept of RT algebra is introduced in section 3.
After a brief description of the basic features of these algebras, we construct the relative Fock
representations. Section 4 is devoted to scattering with impurities. We first establish the
unitarity and factorization constraints. Using the Fock representation of a suitable RT algebra,
we define afterwards the ‘incoming’ and ‘outgoing’ states and construct the total scattering
operator. The last section contains our conclusions. We discuss there some universal features
of the RT algebras and their relevance to inverse scattering and other related topics.

2. Origin of reflection—-transmission algebras

It is instructive to start the discussion with two examples, showing how the RT algebras emerge
from the study of quantum impurity problems. We begin with the n-particle Hamiltonian
1
H™ = Z —Eaj_ +08(x;) neRr (2.1
i=1

which describes a system of n non-relativistic bosonic particles (of unit mass) on R, which
interact with a §-type impurity localized at the origin, but not among themselves. This model
is well known to be exactly solvable. It is sufficient to investigate the spectral problem
associated with the one-particle Hamiltonian H", defined on a suitable (see, e.g., [22])
domain D, C L%(R, dx) of continuous functions on R, which are twice differentiable in
R\{0} and satisfy

Eﬂ)l [(0x¥) (x) — (0¥ (—=x)] = 20 (0). 2.2

HWY is self-adjoint on D,. A set of orthogonal (generalized) eigenstates {1//,:: x): ke R},
verifying (2.2), is

Vi (1) = OFO(FOT (Fk) e + 0 () [ + R(Fh) e ]} (2.3)
where 6 denotes the standard Heaviside function and
L .
Tk)=——  Rk)=—1. 2.4)
k+1in k+in

The family {1/_/jfk(x) ke R}, where the bar stands for complex conjugation, is also
orthonormal. The systems {w,}(x) tk e R} and {lﬁfk(x) t ke R} represent physically
scattering states and, for n > 0, are separately complete in L*(R, dx). When n < 0, there is
in addition one bound state

Yo (x) = 0(=m/[nl[0(x)e™ +0(—x)e” "] (2.5)
which is orthogonal to {w,f(x) k€ R} and {@fk(x) ko€ R}. The energy of vy, is
E = —n?%/2.

Particle collision and production processes are absent from this simple model.
Nevertheless, the reflection and transmission from the impurity give rise to a non-trivial
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scattering operator, which preserves the particle number and can be described as follows.
Using the weak limits

eiikx
I —0 0 26
v too k + e € (2.6)

one can verify that

lim [y (x) —e*] =0. 2.7)

x—+00

Therefore, one can interpret w,f (x) asymptotically as incoming waves, travelling in Ry with
momentum k # 0 towards the impurity. Accordingly, we take the vectors

)™ = ¥t () + ¥y (x) (2.8)

to be the basis of one-particle ‘in’ states. Analogous considerations lead us to choose the
following basis of one-particle ‘out’ states:

)™ = P2 (0 + P (). (2.9)
The one-particle scattering operator is defined at this point by
SM k)™ = [k)™. (2.10)

By construction, SV is a unitary operator on L?(R, dx) for n > 0. In the range n < 0, SV is
defined and unitary on the orthogonal complement to the bound state (2.5) in L>(R, dx). The
one-particle transition amplitude reads
“plk)™ = (pISV k)™ = [6(p)T (p) +6(=p)T (—p)1278(p — k)

+[0(p)R(p) +0(=p)R(—=p)1278(p + k) (2.11)
which clarifies the physical meaning of T and R, given by equation (2.4). They represent
the transmission and reflection amplitudes and admit a meromorphic continuation in k to the

whole complex plane C. The pole k = —in confirms the presence of the bound state v, for
n < 0 and indicates the existence of a resonance state for n > 0.
The n-particle amplitude, with initial and final configurations satisfying k| < --- < k,

and p; > --- > p, respectively, can be expressed in terms of (2.11) as follows:
n
U, Palkts o k) ="y, palSP ke, L k)M = ]_[°‘“<p,-|k,->i". (2.12)
i=1
Equation (2.12) concludes our brief summary of the standard and well-known analytic
treatment of the integrable system defined by (2.1).

A natural question one may ask at this point concerns the existence of an algebraic
framework for dealing with the above system for n # 0, similar to the familiar canonical
commutation approach, which works in the case » = 0. The answer to this question
turns out to be affirmative and we now turn to the description of the relevant algebraic
structure. Following our previous work [21], we introduce the associative algebra Cp with
identity element 1, generated by {a*¢ (k), as (k) : & = %,k € R} obeying the bosonic-type
commutation relations,

ag, (k1)ag, (ko) — ag, (k2)ag, (k1) =0 (2.13)
a* (k)a*® (ka) — a** (kp)a™ (ky) = 0 (2.14)

ag, (k1)a™ (ka) — a* (kp)ag, (k) = [82 + T2 (k) 218 (ky — k)L + RE (ki) 278 (ky + k)1
(2.15)
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where

0 T(k)) R(k) ()). .16

Tl = (T(k) 0 R(k):< 0 Rk

The right-hand side of equation (2.15) captures the presence of the impurity. The term
proportional to §(k; + k) reflects in particular the breaking of translation and Galilean
invariance due to the impurity. We shall see in the next section that Cp is a particular RT
algebra. For the moment we focus on the Fock representation F% 7(Cg) of Cp, referring for
the explicit construction to section 3.2. An essential feature of Fr 7(Cp) is that the operators
{a* (k), ag (k)} in this representation satisfy

ag (k) = T, (k)ay, (k) + R} (k)a, (—k) (2.17)
a** (k) = a*" (k)T (k) + a™ (=k) RS (—k). (2.18)

Hereafter the summation over repeated upper and lower indices is understood. Relations
(2.17), (2.18) originate from the reflection—transmission automorphism characterizing any
RT algebra and established in section 3. In the physical context these relations encode the
interaction with the impurity.
The vacuum state 2 € Fr 7(Cz) obeys as usual az (k)2 = 0. We denote by (-, ) the
scalar product in F% 7(Cp) and consider the vacuum expectation value
@ (p1)...a" (p), a* (ki) ...a"" (k,)Q) (2.19)
with
ky < <k & = —e(k) PL> >y ni = €(pi) (2.20)
€ being the sign function. By means of equations (2.13)—(2.15) it is easily verified that (2.19)
precisely reproduce the amplitudes (2.12) for any n. Therefore, Cp provides a purely algebraic
framework for constructing the scattering operator. The formalism actually applies to any
observable of the system, introducing in addition to Cp the creation and annihilation operators
{b*, b} for the bound state (2.5), which commute with {a*¢ (k), ag (k)} and satisfy
[b,b] =[b*,6"]1 =0 [b,b*] = 1. (2.21)
For the Hamiltonian one finds, for instance,
1 00 qk 772
H=-~ —k*a* (k)ag (k) — 0(—n)—Db"b. 2.22
2/,0027161()“5() (77)2 (2.22)

The restriction of H to the n-particle subspace of the total Hilbert space (including the bound
state) is the algebraic counterpart of the Hamiltonian (2.1) we started with.

At this stage we have enough background to turn to quantum field theory with §-type
impurities [15, 20]. Our goal will be to demonstrate that the algebra Cp can be successfully
applied there as well. As an example we consider the model

1 +00 +00
Stgl = 5 f ar / W01, x) — (0:9) (1, x) — M2 (1, %) — 8 ()@ (1, 3]
(2.23)

with m > 0 and n € R. The action (2.23) defines a standard external field problem with
d-potential. The corresponding equation of motion is

[87 — 87 +m* +2n8(x)]p(t, x) = 0 (2.24)
and our problem will now be to quantize (2.24) with the standard initial conditions:
(90, x1), 9(0, x2)] =0 [@9)(0, x1), 9(0, x2)] = =18 (x1 — x2). (2.25)
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The solution of this problem requires study of the operator
K = -7 +m?+2n8(x). (2.26)

We already know that K is self-adjoint on D,,. In order to avoid imaginary energies, we demand
K to be non-negative, which implies

—m < 1. (2.27)

Now, the solution of equations (2.24) and (2.25) is unique and can be expressed in terms of
the generators {a*¢ (k), a (k)} and {b*, b}. One finds

@(f,x) =(p+(t’x)+¢—(tvx)+(pb(t’x) (228)
where
putt) = [ R O sy e ] (2.29)
’ oo 2720 (k) k k ’

1 Lo Lo
— * Jitw(in) —itw(in)
@o(t, x) = Nl [b"e tbe 1w (x) (2.30)

with w(k) = Vk2 +m?2,
Using equations (2.15) and (2.28)—(2.30), one easily derives the two-point vacuum
expectation value

w®(t, x1, 12, x2) = (@(t1, 1), @(t2, X2)2)

- / o e ()0 () T () €% 4 B(—x)B (e T (k)
oo 4w (k)

+0(x1)0(x2) [ + R(k) €*12] + 6 (—x1)0(—x2) [ + R(k) 2]}

* 2 e 20y () Yy (x2) (2.31)

where t;; = t; — tp, X12 = X] — Xxp and X1 = x| + x». The last term in (2.31) represents the
contribution of the bound state and vanishes for > 0. The field ¢ has a relativistic dispersion
relation w (k)> = k% + m?, but nevertheless Lorentz invariance is manifestly broken in (2.31).

The function (2.31) fully determines the theory. In fact w®"*! = 0, whereas w®" can
be derived from w® by means of the well-known recursion relation

w(zn)(ll, X1y oy bony Xon)
2n—1
= Z w®(t, xi, o, X2) WPt X1, e B Ry e bty X0 1) (2.32)
i=1
the hat indicating that the corresponding argument must be omitted.

Having at our disposal all correlation functions, we can derive the scattering operator of
the theory. The particles of our model do not interact directly, but interact with the external
8-function field, modelling the impurity. We will now show that the associated scattering matrix
is fully determined by the algebra Cp. Equation (2.29) therefore represents a true quantum
inverse scattering transform, allowing a reconstruction of the fields ¢4 from {a* (k), ag (k)}.
Let us concentrate first on the case n > 0, commenting at the end on the range —m < 1 < 0. In
developing the scattering theory one can use the Haag—Ruelle approach [23] with some minor
modifications [24], which reflect the absence of translation invariance. The novel feature, with
respect to the quantum mechanical example discussed above, is that in quantum field theory
we need smearing with special wave packets for the free Klein-Gordon equation, which keep
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trace of the position x = 0 of the impurity. Such wave packets can be introduced as follows.
Let D(R) be the space of smooth test functions with compact support. Then

t _ e dk ikx —iw (k)t
o= [ sprwe f € D®) 233)
is a smooth solution of the Klein—Gordon equation of mass m. We will say that f; € D(R)
precedes f» € D(R) and write f; < f> if and only if supp(f;) N supp(f2) = @ and
ki < ky for all k; € supp(f;) and all k; € supp(f2). We now introduce the two sets
{gitk) e DR) : i =1,...,m} and {h;j(k) € DR) : j = 1,...,n}, which satisfy the
non-overlapping conditions

81 <+ < 8m hy <+ <y
(2.34)
0 & supp g 0 ¢ supph;.
Setting now
+ suppgi C R_ + supph; C Ry
= L= 2.35
2 {— supp gi C R, i {— supph; C R_ (2.35)
we define
8 (x) = 0(&x)g; (x) hy, (x) = 6(n;x)h’;(x). (2.36)

By construction, géf (x) represent wave packets in Rg, which move towards the impurity in
x = 0. On the other hand, hﬁ,/_ (x) are wave packets in R,,,, which travel away from the impurity
in the direction x — n;00. Therefore one expects that the smeared operators

o(r,gt) =i f dx[(0rgL ) ()e(t, x) — gL (X)(3,9) (1, x)] (2.37)
o(r, k) =i/ dx[(8:, ) (), x) = hy) (x)(@39)(1, )] (2.38)

generate asymptotic ‘in” and ‘out’ states respectively. This is indeed the case because of the
existence of the following strong limits in the Fock space Fz 7(Cp),

dim (rgh) - (r 8l )2 =a" (g - a™ (g = g1, - )" (2.39)
Wim g(t, by ) (e, )Q = a™ () - (h)Q = [ ha)™ (2.40)
where
+00 dk
a*(f) = f 5 [0 (k). (2.41)
—0Q0

Let us sketch the proof of (2.39), for example. Using the non-overlapping conditions (2.34),
the commutation relations (2.13)—(2.15) and the constraints (2.17), (2.18), one first derives the
identity

o(t.gt) ot gt Y2 =a™(g) - a* (3 )2 (2.42)
where
_ o * dk wk) +w(p) . :
g (p) = f dx Q(Six)f T A o) gi(k) exp(ifw(p) — w(k)]t —ix(p —k)).

(2.43)
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Therefore, equation (2.39) is equivalent to
lim [a*(gL) - a* (3 )2 —a™(g) - a*" (gn)Q] =0 (2.44)

——00

|-|| being the L2-norm. For proving (2.44) one uses the continuity of a*¢ (f) in f (see the
estimate (3.61) below) and

lim gt — g =0 Vi=1,...,m. (2.45)
t——00 !
Finally, (2.45) is a consequence of the weak limits (2.6), x being replaced by 7. This concludes

the argument.
Summarizing, the finite linear combinations of the vectors

(g1 - gm)™ g1 < - <gum=12,..} (2.46)
(I, h)™ i hy <o <hy,n=1,2,...} (2.47)
generate, after completion with respect to the scalar product in the Fock space F% 7(Cg), the

asymptotic spaces 1" and H°"*. It turns out that asymptotic completeness H°" = F 7(Cp) =
H™ holds for n > 0. The transition amplitudes read

out in . e dpi dk; - out in

e algre g™ =8 TT [ S S R i) " k) (2.48)
i) 2 2w

where °*(p|k)™" is given by (2.11). These results can be generalized to the case —m < n < 0,

except for the property of asymptotic completeness, which is violated by the bound state

present in this range.

It is worth mentioning that the above framework applies with straightforward
modifications to fermionic systems as well. The relevant algebra Cp is obtained in this
case simply by replacing the commutators on the right-hand sides of equations (2.13)—(2.15)
with anticommutators.

It is evident from the above considerations that Cp is a universal and powerful tool for
handling §-type impurities, both in quantum mechanics and quantum field theory. One can
view Cp (Cr) as a central extension of the algebra of canonical commutation (anticommutation)
relations. A direct generalization, emerging at this point, is to substitute 7 (k)1 and R (k)1
in equation (2.15) with new generators ¢ (k) and r(k), which are no longer central elements.
Moreover, in the spirit of the ZF algebra, it is possible to replace the bosonic (fermionic)
exchange factor between {a* (k), ag (k)} with a more general one. In this way one naturally
arrives at the general concept of RT algebra, described in the next section.

3. Reflection—transmission algebras

3.1. Definition and general properties

Inspired by the above treatment of §-impurities, we introduce an associative algebra with
identity element 1 and two types of generators, {ay(x), a™*(x)} and {rf ), tf ( x)}, called
bulk and defect (reflection and transmission) generators, respectively. We referto x € R as a
spectral parameter. In the context of inverse scattering x parametrizes the particle dispersion
relation (see equations (4.1) below). To be able to deal with systems with internal degrees of
freedom, we adopt double indices ¢ = (&, 7). The component & = = indicates the half-line
R where the particle is created or annihilated, whereasi = 1, ..., N parametrizes the internal
(‘isotopic’) degrees of freedom. The generators {aa (x),a**(x), rf(x), tf(x)} are subject to
the following constraints:
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e Bulk exchange relations

o, (X1, (X2) = SEL (X2, x1)ap, (x2)ap, (x1) =0 (3.1
a™ (x)a* (x2) — @ (x2)a (xS (X2, x1) =0 (3.2)
da, (X))@ (x2) — @ (x2)S25 (x1. x2)ag, (x1)

=278 (01 — x2) 821+ 152 ()] + 278 (1 + x2)r2 (x1).- 3.3)

e Defect exchange relations

)
SN (s X)) (XSS Oas =401 (x2)

= rl (RS2 (. — X)) GOSEE (—x2. —x1) (34

SN (1, X)L () SHS Gz X018 (x2)

= 122 (x2)S2 (a1 xS (x2. x1) 3.5)
SN (s X)L () SES (s xR (x2)

= r (RS2 (1 — Xt (XDSEL (=320 x1). (3.6)

e Mixed exchange relations

aa, P (x2) = 812 O )2 (xS0 (X1, —x2)as, (x1) 3.7
B (xa* (x2) = a2 ()73 G 1)l GBS (s —x1) - (3.8)
aa, GO (x2) = SUE (s X)L ) SH) (1 x2)as, (x1) 3.9)
B (a™ (x2) = a** (x2) SV (i X1 (XDSHL (2. x1). (3.10)

The exchange factor S is required to satisfy some compatibility conditions, which read as
follows, in conventional tensor notation:

S1a(x1, x2)S12(x2, x1) =11 (3.11)
S12(x1, x2)823(x1, x3)S12(x2, X3) = S23(x2, x3)S12(X15 X3)S23(X15 X2)- (3.12)

Equation (3.11) is know as the ‘unitarity’ condition, whereas (3.12) is the celebrated quantum
Yang—Baxter equation in its braid form, R playing the role of spectral set. We emphasize that
S depends in general on x; and yx, separately, which allows to treat both systems with exact as
well as broken Lorentz (Galilean) invariance [25]. More details about the physical meaning
of this generalization are given below in section 4 after equation (4.53).

Recapitulating, with any solution S of (3.11), (3.12) we associate an associative algebra
Cs, whose generators {aq (), a**(x), rf(x), t£(x)} satisfy the constraints (3.1)~(3.10). The
bulk exchange relations (3.1)—(3.3) are similar to those of the ZF algebra, but for the presence
of the defect generators on the right-hand side of (3.3). The exchange properties of the latter are
described by equations (3.4)—(3.6). Equation (3.4) looks similar to the boundary Yang—Baxter
equation [7], the difference being that in general the elements {rf ( x)} do not commute and,
consequently, their position in (3.4) is essential. Note that {rf 0, tf ( X)} close a subalgebra
of Cs, which generalizes the Sklyanin algebra [9] for the pure reflection case (tf (x) = O).
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The mixed relations (3.7)—(3.10) complete the list, fixing the exchange properties between
bulk and defect generators.

Two particular cases of Cs were previously investigated. Setting #(x) = 0 one gets the
boundary algebra introduced in [14] for handling integrable systems on the half-line R,. For
rB(x) = tf(x) = 0 one obtains instead the ZF algebra, which applies to the same systems, but
on the whole line R. In this respect Cs emerges as a unifying algebraic structure for quantum
field inverse scattering in 1 + 1 dimensions, which works also in the presence of impurities.
This expectation is widely confirmed by the results reported in section 4.

In this paper we focus on RT algebras. An RT algebra is a Cs-algebra whose defect
generators satisfy in addition

1l COtg GO + 1l GOrg (—x) = 82 (3.13)

i GOre o + 18 GOIs(—x) = 0. (3.14)
A characteristic feature of any RT algebra is a peculiar automorphism, which implements in
algebraic terms the physical concepts of transmission and reflection and which is established
a few lines below.

For constructing the Fock representation of Cg, one needs an involution. The most natural
one is obtained by extending the mapping

I:a™(x) = ag(x) I:a,(x) = a™(x) (3.15)
Ll G0 = rg(=x) L1800 = 1500 (3.16)

as an antilinear antihomomorphism on Cs. In fact, it is not difficult to check that I leaves
(3.1)—(3.13) invariant, provided that

Shx, x2) = S12(x2s x1) (3.17)

where the dagger stands for the Hermitian conjugation. Condition (3.17), known [2] as
Hermitian analyticity of S, is assumed in what follows.
Let us finally consider the mapping

0:a,(x) > tf(ag(x) +rf (x)ag(—x) (3.18)
0 :a™ () = a0ty (x) +a* P (—)rf (—x) (3.19)
o:rl( = rfx) o :t2G0) = th (). (3.20)

One can directly verify that ¢ leaves (3.1)—(3.14) invariant and extends therefore to an
automorphism on Cg, considered as an algebra with involution /. We refer to o as the reflection—
transmission automorphism and remark that because of (3.13) and (3.14), ¢ is idempotent.
Equations (3.18) and (3.19) are the algebraic counterparts of (2.17) and (2.18). They have a
simple physical interpretation: each particle in the bulk is p-equivalent to a superposition of
a transmitted and a reflected particle.

Cs is an infinite algebra and from the above formal definition it is not obvious at all that
it has an operator realization. Since such a realization is needed in the physical applications,
we will construct in the next section an explicit representation of Cs in terms of (generally
unbounded) operators, which act in a Hilbert space.
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3.2. Fock representation

We consider below representations of the RT algebra with involution {Cs, /} with the following
structure:

(i) The representation space is a complex Hilbert space H with scalar product (-, -).
(i) The generators {aa (), a**(x), r(f 0, tf ( X)} are operator-valued distributions with
common and invariant dense domain D C H, where equations (3.1)—(3.14) hold.
(iii) The involution / is realized as a conjugation with respect to (-, -).

A Fock representation is further specified by the following condition:

(iv) There exists a vacuum state 2 € D, which is annihilated by a, (). The vector €2 is cyclic
with respect to {a**(x)} and (2, Q) = 1.

There are a number of simple but quite important consequences from the assumptions
(1)—(iv). We start with

Proposition 3.1. The reflection—transmission automorphism o is realized in any Fock
representation by the identity operator.

Proof. We consider the matrix element

(9. {aa(x1) — elaa (XD} Pla*]) (3.21)
where ¢ is an arbitrary state in D and P is an arbitrary polynomial in a*. Applying the identity
{ae (1) = olaa (x0)Ba* (x2) = a™ (x2) Sy G x){as(x1) — olas(x)1} (3.22)

which follows after some algebra from the exchange relations (3.3), (3.8) and (3.10), we can
shift the curly bracket in (3.21) to the vacuum and deduce from (iv) that

(@, {ae(x) — ola. ()1} Pla*]182) = 0. (3.23)
Taking the complex conjugate of (3.23), we obtain

(Pla*]92, {a™ (x) — ola™ (x)1}¢) = 0. (3.24)
Finally, using the cyclicity of €2, we conclude that

a* () = ola™ (01 = a*? GOtg () +a™ (=g (—=x) (3.25)
holds on D. Analogously, we derive

ax () = elae (01 = 15 GOag (O +rf (ag(—x)- (3.26)
Note that the reflection—transmission identities (3.25), (3.26) generalize the §-impurity
relations (2.17), (2.18). O

In what follows we show that any RT algebra Cs admits in general a whole family F(Cs) of
Fock representations, which can be parametrized by means of the vacuum expectation values

REGO) = (2.0 (0)Q) 770 = (2. 109) (3.27)

called in what follows transmission and reflection matrices. Their basic properties are collected
in

Proposition 3.2. In each Fock representation of {Cs, I},

(a) T (x) and R(x) satisfy the Hermitian analyticity conditions

RI(x) = R(=x) (3.28)
T = T(; (3.29)
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(b) the vacuum state Q2 is unique (up to a phase factor) and satisfies
rE 02 =REGOR 100Q =T/ (0% (3.30)
(c) T(x) and R(x) obey the consistency relations

Si2(x1, x2)R2(x)S12(x2, —x1)R2(x2) = Ro(x2)S12(x1, —x2)R2(x1)S12(—=x2, —x1)
3.31)

Si2(x1, x2)T(x)S12(x2, x)T2(x2) = T (x2)S12(x1, x2) T2 (x1)S12(x2, X1) (3.32)
Si2(x1, x2)T(x)S12(x2, X1 R2(x2) =Ra(x2)S12(x1, —x2) L (x1)S12(—=x2. x1)  (3.33)

and unitarity conditions

TOOT(X)+ROOR(—x) =1 (3.34)
TOORG) +R()T (—x) = 0. (3.35)

Proof. The statement (a) is a direct consequence of (3.15) and point (iii) above. Concerning
(b), the argument implying the uniqueness of the vacuum is standard (see, e.g., [26]). The
identities in (3.30) can be deduced from

("o — REGO]Q. Pla*12) =0 (3.36)
and

(oo - TP o). Pla*1) =0 (3.37)

respectively, P being an arbitrary polynomial. For proving (3.36) and (3.37), one can shift
the polynomial to the first factor by Hermitian conjugation and afterwards use the exchange
relations (3.7) and (3.9) and equation (3.27). Finally, (c) can be verified by taking the vacuum
expectation values of (3.4)—(3.6) and (3.13), (3.14) and using (3.30). This concludes the
argument. (]

We thus recover at the level of Fock representation the well-known boundary Yang—Baxter
equation (3.31). A novel feature is the presence of transmission (3.32) and transmission—
reflection (3.33) Yang—Baxter equations. Using (3.11), equation (3.33) can be equivalently
rewritten in the form

S120x1, X2)R2(x1)S12(x2, —x1)T2(x2) = D(x2)S12(x15 X2)R2(x1)S12(x2, —x1)- (3.38)

Let us now elaborate a bit more on the relation between R and 7. Because of (3.28),
(3.29), T (x)7 (x) and R(x)R(—x) are non-negative Hermitian matrices which, according to
(3.34), are simultaneously diagonalizable. The corresponding eigenvalues satisfy

i) +pi(x) =1 ri(x) =0 mi(x) =20 i=1,...,N. (3.39)
Solving equation (3.34) for 7, one finds

T =10OVI=ROOR(=x) =1(x) Z%[R(X)R(—X)]" (3.40)
n=0

where 7 () is some unknown function and the coefficients «,, are determined by /1 — x =
Z;O:O a,x". Conditions (3.39) ensure that the series is convergent and imposing (3.29), (3.34)
and (3.35) on (3.40), one obtains

T(x) =1(0) ()’ =1 T(=x) = —1(X). (3.41)
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The series representation (3.40) of the matrix 7 allows us to infer the following remarkable
property.

Proposition 3.3. For any solution R of the boundary Yang—Baxter equation (3.31), T defined
by (3.40) satisfies (3.32), (3.33).

Proof. The statement can be proved in two steps. The first one is to show that the matrix
Tr(x) = R(x)R(—yx) obeys (3.32) and (3.33), which is done by repeated use of (3.31). The
second step is based on the identities

Sia(x1, XL (x)1"S12(x2s xO[T(x)1" = [ ()" Si2(x1, x2) [ (x)1" S12(x2, x1)
(3.42)

Su(x1, xL(xD]"S12(x2, x1)R2(x2) = Ra(x2)S12(x1, =X)L (x1)]"Si2(=x2, x1)
(3.43)

which hold for any integers m,n > 1 and are the consequence of a recurrent application of
(3.32), (3.33). O

It is worth mentioning that the above argument makes no use of the values of coefficients «,, in
(3.40) and the conclusion of proposition 3.3 remains valid for any convergent series in powers
of ROOR(—=x)-

Summarizing, we have shown that the transmission and transmission—reflection Yang—
Baxter equations (3.32) and (3.33) are a consequence of Hermitian analyticity (3.28), (3.29),
unitarity (3.11), (3.34), (3.35) and the boundary Yang—Baxter equation (3.31).

We turn now to the Fock representations of Cs. Our goal will be to demonstrate that
each doublet {R, 7}, satisfying (3.28), (3.29), (3.31), (3.34) and (3.35), fully determines a
Fock representation F 7(Cs) of Cs. For this purpose we shall construct Fr 7(Cs) explicitly,
extending the projection operator technique developed in [14, 27, 28] for the ZF and boundary
algebras, which are particular cases of Cs. The first step is to introduce the n-particle subspace
H™ of Fr.7(Cs). For this purpose we consider

L=PLrm (3.44)
equipped with the standard scalar product

W= [ e on0=3 [ axaoov. (3.45)

The n-particle space H™ we are looking for is a subspace of the n-fold tensor power £®",
characterized by a suitable projection operator P". In order to construct P, we proceed
as follows. Observing that any element ¢ € £®" can be viewed as a column whose entries
are Qq, ..o, (X1, - - - » Xn), we define the operators {ai("), ™ .i=1,...,n— 1} acting on L®"
according to

[O'i(n)(p]otlmot,, (Xl sooeey Xio Xidls v Xn)
= [Siiet s XieD VS0 @, (X1 s X X -+ Xn) n=2  (346)

(n)(p]otl...utn (Xls ey Xn) = 7:;5” (Xn)(pal...an,lﬂ,, (Xls ey Xn—1> Xn)

+Rg: (Xn)(pal...a,,,lﬁn (Xl seees Xn—1s _Xn) n 2 1 (347)

[T
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where

[Sij (i Xj)]ﬁl B — 5/31 55: 55; . 5/3"5/3"3' (Xis X)) (3.48)

ap...o, oy
In order to implement equations (3.46), (3.47) on the whole £®", we assume at this stage that

the matrix elements S£'22(x1, x2), 7 (x) and R (x) are bounded functions. Now, one can
prove

Proposition 3.4. Let W, be the Weyl group associated with the root systems of the classical
Lie algebra B, and let {o;, T : i = 1,...,n — 1} be the generators of W,. The mapping

On 1 O; ai(”) Gp:T> 7™ (3.49)
defines a representation of W, in L®". Moreover,
1
(n) —
P = XW: bn(v) (3.50)
vew,

is an orthogonal projection operator in L®".

Proof. One has by construction
ai(”)a;") = (7(")0(") li—jl =2 (3.51)
ot = ra.(") 1<i<n—2. (3.52)

1 L

Using the Yang—Baxter equations (3.12), (3.31)—(3.33), (3.38), one shows that

(n) (ﬂ) ) _ (n) (n) _(n)
0; 0i410; 0i+19; i+1 (353)
ayfjl @) T = ra(jlta( ) (3.54)

The unitarity conditions (3.11) and (3.34), (3.35) imply
[glﬁ")f =2=1. (3.55)

Consequently, ¢, is a representation of W, in £&" and P™ is a prOJection operator. Finally,
from Hermitian analyticity (3.17), (3.28), (3.29), one infers that { Ve i =1, n— 1}
are Hermitian operators. Therefore, P is orthogonal. 0

We have at this stage enough background to construct the Fock representation F% 7(Cs).
The n-particle space is defined by

HO =C H™ = pmcen n>1 (3.56)
the total Fock space being

H=EPH". (3.57)

The finite particle space D is the (complex) linear space of sequences ¢ = (¢, M, ...,
o™, ...) with o™ € H™ and ¢™ = 0 for n large enough. D is dense in Fr 7(Cs).
The vacuum state is 2 = (1,0, ...,0,...) and belongs to D. The smeared bulk operators
{a(f),a*(f): f € L} acton D as follows:

a(H)L=0 (3.58)
[a( )Pl o X1 Xn) =V +1 / dx 100D o (X X1 Xn) (3.59)
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[@* ()P o, X1s s xn) = VPP f @ 0" Py o, (X1s - x)- (3.60)

In general, a(f) and a*(f) are unbounded operators on D. For any ¢ e H"™ one has
however the estimate

la* (™I < Vull £lle™ (3.61)

where a”( f) stands for a(f) or a*(f). Therefore a(f) and a*( f) are bounded on each H™.
We now turn to the defect generators, defining t£(x) and rf(x) as the following
multiplicative operators on D,

[FE00@] G ) = 18010 XS0 1) -+ St Xn) R ()
St s =)+ S22 = x)So1 Ot =012 0 o (X1 )
(3.62)
[1£00@] Gt = [So1 Ot X010t x2) ++ Sa-vm (s X Ta(X)
o Sumn s X) - S22 X0So1 Gt OV 2 08 5 (X1 k) (3.63)

combined with (3.30). As expected, the defect operators preserve the bulk particle number.
For deriving the commutation properties of (3.59), (3.60), (3.62), (3.63) on D, it is
convenient to introduce the operator-valued distributions a, (x) and a** () defined by

a(f) = / A 00a0  at(f) = / A f0a™ ). (3.64)

o0 o0

A straightforward computation allows us to prove now

Proposition 3.5. The operator-valued distributions {a,(x),a™*(x)} and {rf (), th( X)}
satisfy the exchange relations (3.1)—(3.10) and the constraints (3.13) and (3.14) on D. The
involution I is realized as Hermitian conjugation with respect to the scalar product (3.45).

This result completes the construction of the Fock representation F% 7(Cs), which is the
basic tool in the physical applications discussed in this paper. Fixing Cs, Fr 7(Cs) is indeed
fully determined by {R, 7'} satisfying equations (3.28), (3.29), (3.31)—(3.35). Besides some
concrete examples, little is known in general about the solution set of the latter. There exists,
however, one particular case of physical importance, which is described in

Proposition 3.6. Suppose that R obeys

Si2(x1, x2)R2(x1) = Ri(x1)Si2(=x1, x2)- (3.65)
Then R satisfies the boundary Yang—Baxter equation (3.31). Moreover, T obeys

Si(x1, x2)Ta(x1) = Ti(x)S12(x1, x2) (3.66)
and

e =REe 100w =T (0e (3.67)

hold for all ¢ € D.

Proof. Equation (3.31) follows directly from (3.11) and (3.65). Identity (3.66) is a consequence
of (3.65) and the series representation (3.40). Equations (3.67) follow from (3.63), (3.62) and
(3.65), (3.66). Note also that (2.17), (2.18) are recovered from (3.25), (3.26) and (3.67). Ul
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Condition (3.65) sort of linearizes equations (3.31)—(3.33) and defines a special subset
of representations F(Cs) C F(Cs), whose defect operators are proportional to the identity in
‘H. All Fock representations of the algebras Cp and Cp, introduced above in the context of
S-impurities, belong to this subset because (3.65) is identically satisfied for the bosonic and
fermionic exchange factors

SEB (X1, x2) = £88288 (3.68)

o0 o] oyt

Let us observe in this respect that 7 and R, given by (2.4), (2.16), obey Hermitian analyticity
(3.28), (3.29) and unitarity (3.34), (3.35).

4. Factorized scattering with impurities

We develop in this section a general approach to factorized scattering in (1 + 1)-dimensional
integrable models with impurity.

4.1. Kinematics

Let E and p be the energy and momentum of any asymptotic bulk particle. Usually E and p are
not independent and obey some dispersion relation. The latter can be implemented expressing
both E and p in terms of one parameter x € R, namely

E=E(x) p=rX. 4.1
It is instructive to keep in mind the following two examples:

e Relativistic dispersion relation

E(x) = mcosh(x) p(x) = msinh(x) 4.2)

where m > 0 is the mass and x the rapidity.
e Non-relativistic dispersion relation

mx2
E(x) = T+U p(x) =mxy (4.3)

x being the velocity and U some constant.

Note that both of these relations satisfy
€(p) =€) (4.4)

€ being the sign function. We also observe that a Lorentz boost in (4.2) and a Galilean
transformation in (4.3) are both realized by a translation x — x + «.

In what follows we adopt a dispersion relation (4.1), which satisfies (4.4) but is otherwise
generic and parametrizes any asymptotic bulk particle by x € R and its isotopic index
i =1,..., N. Assuming that the impurity, localized at x = 0, has no internal degrees of
freedom, and taking into account (4.4), the fundamental building blocks of factorized scattering
are as follows:

(i) The two-body bulk scattering matrix Si’; 'if (x1, x2) defined on R x R.
(ii) The right and left reflection matrices Ri+j (x) and R, i (x), defined on R, and R_
respectively and describing the reflection of a particle from the impurity.
(iii) The left and right transmission matrices Tl.” (x) and T,/ (x), defined on R, and R_
respectively and describing the transmission of a particle by the impurity.
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We emphasize that S is allowed to depend on x; and y, separately [25], generalizing the
previous attempts [15, 16, 19], where S is assumed to depend on x; — x, only. The physical
meaning of this generalization is quite simple: with the dispersion relation (4.2) for instance,
it means that our approach covers both Lorentz-invariant and non-invariant bulk scattering
matrices. We will argue later on in this section that such a unified treatment provides some
advantages when impurities are present.

One should also keep in mind that our transmission and reflection matrices are not defined
on the whole R, but only for values of y in the relative physical kinematic domains specified
in (ii) and (iii). This information must be sufficient for reconstructing the total scattering
operator S and we demonstrate below that this is indeed the case.

The data {S, R*, T*} are subject to a number of constraints, ensuring physical unitarity of
the scattering operator S and factorization of the transition amplitudes. Let us first concentrate
on unitarity. Since integrability implies particle number conservation, the restriction SV of
S to the one-particle subspace is a well-defined operator. One has (see also equation (4.49)

below)
Mo RGO T*(x)
S = (T(—X) R(—X)) x > 0. 4.5)

Equation (4.5) reflects an essential difference with respect to any Lorentz-invariant theory,
where S = T is mandatory [23]. Unitarity

SPYGOMT 0 = 8108V () =1 (4.6)
implies

RE(E)0)[RT] (d0) + TH(EOIT ] (x) =1 (4.7)

[RFIN () R () + [TTI (F0)TF (Fx) =1 (4.8)

REEOITF (F0) + TH (&R (Fx) =0 (4.9)

[RF]"(£x)T* (&) + [TFI'(F )R (Fx) =0 (4.10)

where x > 0. We stress that (4.7)—(4.10) are necessary and sufficient conditions: any violation
of (4.7)—(4.10) breaks down the unitarity of S and, consequently, of S. It is worth mentioning
that in our previous paper [21]

RE(EX)RT(Fx) + TH(E)TH(Ex) =1 (4.11)
REENOTF(Fx) + THEX)RT (X)) =0 (4.12)
[RE]'(£x) = RF(Fx) [TE1'(£x) = T*(£x) (4.13)

were imposed instead of (4.7)—(4.10). Conditions (4.11)—(4.13) are stronger than (4.7)-
(4.10) and provide some technical advantage [21] in dealing with the factorization constraints
obtained below. One can easily see however that §-type defects (see, e.g., equation (2.4))
violate® (4.11)—(4.13). For this reason we avoid the use of (4.11)—(4.13) in the present paper,
keeping (4.7)-(4.10) which are respected by the §-impurities described in section 2. We
conclude the issue recalling that bulk scattering unitarity is controlled by

S12(x1, x2)S12(x2, x1) =1 S}Lz(Xl,X2) = S120x2, x1)- (4.14)

For analysing the constraints following from factorization, it is convenient to display
the data {S, R*, T*} graphically. This is done in figure 1, where the time is flowing along

3> Correspondence with O A Castro-Alvaredo and A Fring on this point is kindly acknowledged.
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12 11

X2 X1
>< = Sfff;()(la Xz)

Jj2

ZT*? ) T (X)\=\

Figure 1. The two-body processes.

S

Figure 2. Pure reflection.

the vertical direction, single lines denote the particle world lines and the double line is the
impurity. Requiring factorization of all possible three-body processes leads to a series of
relations among S, 7% and R*. As is well known [2], the scattering of three particles implies
the quantum Yang—Baxter equation

S12(x1s x2)823(x15 x3)S12(x2, x3) = S23 (X2, x3)S12(x1, X3)S23( X1, X2) (4.15)

whose graphic representation is familiar and is omitted for conciseness.

The consistency conditions stemming from the scattering of two particles between
themselves and the impurity, can be organized in three groups.

(a) Pure reflection:

Si2(x1, x2) Ry (x1)S12(x2, = xR (x2) = Ry (x2)S12(x1, —x2) R3 (x1) S12(—x2, —x1)
(4.16)

Si2(x1s x2) Ry (x2)S12(=x2, xR, (x1) = Ry (x0)S12(=x1, X2) Ry (x2)S12(—=x2, —x1)-
4.17)

Equations (4.16) and (4.17) concern the reflection on R, and R_ respectively. Using the rules
in figure 1 and moving back in time, one gets the graphic representation of (4.16) shown in
figure 2.

The picture associated with (4.17) is obtained from figure 2 by reflection with respect to
the impurity world line.

(b) Pure transmission:

T ) S(xns x0T () =Ty (x2)Si(x1, x2) T (x1) (4.18)
Si2(xt, x2)T7 G)T, (x1) =T (x T, (x2)S12(x1, x2) (4.19)
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(a) (0)

Figure 3. Pure transmission.

A

Figure 4. Mixed relations.

//

SO, x2) T ()T (x1) = T (x) T (x2) Si2(x1 x2)- (4.20)

Equations (4.18) and (4.19) are represented in figures 3(a) and (b) respectively.

As before, the picture corresponding to equation (4.20) is obtained from figure 3(b) by
reflection.

(c) Mixed relations:

RiGT, (x2) = T, (x2)Si2(x1s x2) Ry (x1)S12(x2, —x1) (4.21)
T (x)R; (x2) = T7 (x1)S12(x1, x2) Ry (x2) S12(—x2, x1) (4.22)
RT(XD TS (x2) = Sia(x1, x2) Ry (x1)S12(x2, —x1) T3 (x2) (4.23)
T, (xR, (x2) = Sio(x1s x2) Ry (x2)S12(—x2, x0T, (x1) (4.24)
RT(xDT, (x2)S12(—x1, x2) = T, (x2)S12(x1. x2)R3 (x1) (4.25)
T (xR, (x2)S12(x1, —x2) = Ty (x1) Si2(x1. x2) Ry (x2) (4.26)
Ry (x)S12(0x2, —x)T5 (x2) = Sia(x2, x)RT (x) T3 (x2) (4.27)
Ry (2)S12(=x2, x0T (x1) = S120x2, xDT, (X1 R, (x2). (4.28)

Equations (4.21) and (4.25) are shown in figures 4(a) and (b) respectively, whereas
equations (4.23) and (4.27) are drawn in figures 4(c) and (d). The pictures related to the
remaining four mixed equations are obtained from figure 4 by reflection, which completes the
description of all three-body processes.

Summarizing, the scattering data {S, R*, T*} are required to satisfy two sets of
conditions: unitarity constraints (4.7)—(4.10), (4.14) and factorization constraints (4.15)—
(4.28). The general solution of this long list of matrix equations is currently unknown.
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In order to simplify the problem, we consider invertible 7. From equations (4.25) and (4.28)
one then infers that

Sta(x1, x2) Ry (x1) = RE(x1)S12(=x1, x2) Vi, eR (4.29)

which implies the validity of all (4.16), (4.17), (4.21)—(4.28). Therefore, assuming that T*
are invertible, one is left with equations (4.7)—(4.10), (4.14), (4.15), (4.18)—(4.20) and (4.29),
which simplifies a little the problem of deriving explicit solutions {S, R*, T*}. At this stage,
it might be useful to give some examples, starting with the g/(/N)-invariant S-matrix

1
S, x2) = —{[sOG) — s(x2)] Prp +igl @ I} (4.30)
s(x1) —s(x2) +ig

where P, is the standard flip operator, g € R, and s() is any real-valued even function. For
R* and T* one derives

R*(x) = [cos p(E£x)]explig™ (£ ))]1I (4.31)
T*(x) = %[sin p(£x)]explig* ()L (4.32)

p(x) and g*(x) being arbitrary real-valued functions on R,. In this example, both reflection
and transmission preserve the isotopic type and all isotopic types have the same reflection and
transmission amplitudes.

A more complicated example is provided by the family of S-matrices

12 (01, x2) = exp [isini, (1, x2)] 876 (4.33)
where s;,;,(x1, x2) are real-valued functions obeying

Siliz(le Xz) = _sizil (X21 Xl) Sill'z(le Xz) = siliz (le _Xz) (434)
When s;,;, (x1, x2) satisfy (4.34) but are otherwise generic, one finds

(R (x) = [cos pi(£x)]exp [igF (£x)]5] (4.35)
[T (%) = [sin p;(£x) ] exp [igF (£x)]5] (4.36)

where p;(x) and qii( x) are real-valued functions on R,. Also here the impurity interaction
preserves the isotopic type, but the individual reflection and transmission amplitudes may be
different. Finally, if some of the entries s;,;, (X1, x2) coincide, non-diagonal elements in R*
and 7% are allowed [21] and the isotopic type is not preserved.

4.2. Scattering operator and transition amplitudes

We have so far described in great detail the main features of the physical data {S, R*, T*}
for factorized scattering with impurity. The next step is to identify the RT algebra Cs and
its Fock representation F 7(Cs) producing the total scattering operator S and the transition
amplitudes, corresponding to {S, R*, T*}. For this purpose we set

S(x1» x2) 0 0 0
B 0 0 S(x1. x2) 0
S(x1, x2) = 0 S(x1. %) 0 0 4.37)
0 0 0 S(x1» x2)

R* 0 (=
R =000 (7 o) oo (TS ) 439)
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0 T*(x) 0 [T-]*oo)
T =60 B O(— 4.39
(x) (x) <[T+]'(x) 0 >+ (=x) (T‘(x) 0 (4.39)

S, R and 7 defined above are admissible because of

Proposition 4.1. The constraints (4.7)—(4.10), (4.14), (4.15) and (4.29) on the data
{S, RE, T} imply the validity of (3.11), (3.12), (3.17), (3.28), (3.29), (3.34), (3.35), (3.65)
for {S, R, T}.

Proof. We first observe that the condition of Hermitian analyticity (3.28), (3.29) for 7
and R is satisfied by construction. The remaining conditions can be checked by direct
computation. O

Thus, equation (4.37) determines the algebra Cg, whereas (4.38), (4.39) fix the
representation Fr 7 (Cs) in terms of {R*, T*}. We stress that equation (4.29) implies (3.65).
Therefore, according to proposition 3.6, Fr 7(Cs) € F(Cs). In other words, the factorization
conditions derived in section 4.1 select representations from the subclass F(Cs) C F(Cs).

The asymptotic states in Fr 7(Cs) are defined in complete analogy with the §-impurity
case, discussed in section 2. The presence of internal degrees of freedom can be dealt with in a
straightforward way. ‘In’ states are created from the vacuum by {a*—" (g) : suppg C R,} and
{a*®D(g) : suppg C R_}. The ‘out’ states are generated instead by {a*=/ (h) : supph C
R_} and {a**?(h) : supph C R,}. By means of (3.2), one can also order the creation
operators according to the values of the spectral parameter, using the relation < introduced in
section 2. We thus define the ‘incoming’ states by

11501055 s i)™ = @ (g1) a5 ()2 (4.40)
where
+ suppg; C R_
<< g L= 441
81 8 § {_ supp gi C R,. (4.41)
The ‘outgoing’ states are given by
s i s ol = @ () - @ () Q2 (4.42)
with
+ supph; C R,
= 44
hn < <h1 n; {_ Sllpp/’lj CR- ( 3)

The asymptotic spaces H'™ and H°" are generated by finite linear combinations of vectors
of the types (4.40) and (4.42) respectively. Each of these spaces is dense in H. The total
scattering operator S : H°" — H'" is defined by

S: a*(’]lvjl)(hl) . a*(nn-jn)(hn)g — a*(f?lvjl)(};l) . _a*(ﬁn,_in)(/fln)gz (4.44)

where

hi(x) = hi(—x) Mk = —n. (4.45)
Using the non-overlapping conditions (4.41), (4.43), it is not difficult to check that

(S\I’OU[ Sq)oul) — (\Ijout (Dout) V\Ijout q)out c Houl. (446)

Generalizing the argument of [14, 25], we deduce from (4.44), (4.46) that S is unitary.
A generic scattering amplitude reads

Out(

hlaj]; ~~-;hnajn|glai1; ~--;gmaim>in
— (a*(jl,m)(hl) . a*(j/xsnu)(hn)Q’ a*(il,él)(gl) .. 'a*(im,ém)(gm)gz) (4.47)
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and can be computed by means of the exchange relation (3.3) and the identities (3.30). The
Fock structure implies that (4.47) vanishes unless m = n, showing the absence of particle
production as expected from integrability. The one-particle transition amplitudes can be
deduced from the correlation function

@ (0Q, a* (@)D =[5 + TXOO]8(x — @) +REGOS(x +9).  (4.48)

One gets
I dxhGOT*,G0g(x) E=— n=+

o AR 0T T (=080 =+ n=—

(hjle: D" =1 . - ; (4.49)
Jo dxhGOR™,(x)g(=x) E=+ n=+
I3 dxh(—0)R™ (= x)g(x) E=— n=-—

which describe the particle—impurity interaction and precisely reproduce the one-particle
scattering matrix S given by equation (4.5).

The particle—particle interaction shows up in the two-particle amplitudes, which can be
derived from the correlator

@ (a™ (2)Q, a* (p1a™ (92)Q)
= [8h, + T (x2) | S5 (s x2) [832 + T2 (x0)]8Ga — 92)8 (2 — ¢1)
+ Rl (x2) S5 (X1, —x2)[852 + T2 (x) |8 Ga — 92)8 (x2 + 1)
+[85, + T (x2S Ot xR (1) G + 92)8 (x2 — ¢1)
+ Ry, (X2)Sp! 1 (X1 = xR (X1)8 (x1 + 92)8(x2 + ¢1)
+[85 + T )[85 + T3> () ]8 n — 918 (2 — 92)
+[85 + T ()] RE ()8 Gn — 918 (2 + 92)
+ R (x)[85 + T2 (x2) ]8O + 918 (x2 — ¢2)
+ Ry (XD R (x2)8 (X1 + 18 (X2 + ¢2)- (4.50)

Take for instance the asymptotic states

g iz g i)t Hi=— H=+ (4.51)
O hi, jis has ol m=+ mn =+ (4.52)
The corresponding transition amplitude receives contributions only from the second and the
third terms on the right-hand side of (4.50). One finds

Uk, jishas jalg1sins g2, i)™ = / dxi dXZEI(XI)EZ(XZ)[R+§2(XZ)S;ii(le —X2)
0
X T (x1)81(—x2)82001) + R (x) T2 (x2) g1 (—x1)g2(x2)]-

(4.53)

The associated scattering processes are displayed in figures 4(c) and (d). All possible
kinematic domains, respecting the non-overlapping conditions (4.41), (4.43), give rise to nine
different two-particle transition amplitudes, which are reported in [21]. Due to the presence
of reflection and transmission factors, these amplitudes violate Lorentz symmetry even if S
is Lorentz invariant, i.e. depends on y;—x, only. Therefore, Lorentz symmetry is necessarily
broken in the correlation functions of the associated interpolating field. The crucial point is
that the contribution of S to the interpolating field cannot be separated from that of R* and
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T*. This feature is nicely illustrated by, e.g., (2.31) concerning the §-impurity (S = 1). The
fact that imposing Lorentz invariance on S does not improve the spacetime symmetry content
of the interpolating fields is our basic motivation for including in the above framework also
bulk S-matrices which violate this symmetry.

Summarizing, the physical scattering data {S, R*, T*} determine both the RT algebra
Cs and its Fock representation Fr 7(Cs) entering the derivation of the S-matrix amplitudes.
The asymptotic states are obtained by acting with the particle creation operators on the
standard Fock vacuum @ € Fz 7(Cs). It is worth stressing that our scheme makes no use
of any auxiliary construction of a boundary state with prescribed reflection and transmission
properties. This essential difference with respect to all previous approaches of the subject
[11-20] represents a relevant theoretical and technical advantage of the framework based on
the RT algebra Cs.

We emphasize, in conclusion, that the above scattering theory is based entirely on the
data {S, R*, T*} for real values of the spectral parameter x. For this reason, the results of
this work are very general and remain valid also after imposing all physical conditions (such
as crossing symmetry and certain meromorphic structure) on the continuation of {S, R*, T*}
to the complex y-plane.

5. Conclusions and perspectives

We developed in this paper a framework for dealing with factorized scattering from reflecting
and transmitting impurities in 1 + 1 dimensions. Our starting point was the analysis of some
exactly solvable models with §-type impurities, which led us directly to the main tool of our
approach, the RT algebra Cs. The interaction of a particle with the impurity is implemented in
Cs by the reflection and transmission generators {rf (x )} and {tf (x )} respectively. As already
mentioned, setting lf (x) = 0, one gets from Cs another useful algebra s, which describes
[14] factorized scattering from a purely reflecting boundary. In this context Bgs applies also to
the construction of off-shell correlation functions [24, 29] and to the study of symmetries [30].
Moreover, setting ro’? ) = tf (x) = 0, one obtains the celebrated ZF algebra. Therefore, Cs
indeed represents a universal structure for dealing with integrable models in 1 + 1 dimensions.

The Fock representations of Cs also exhibit remarkable features. The operators {rO’[S ),
t8(x)} condense in the vacuum Q € Fr 7(Cs). The relative condensates {R%(x), 7. (x)}
are directly related to the physical reflection and transmission amplitudes. There is no need
for special boundary or reflection—transmission states in our scheme. The use of the standard
Fock vacuum @ € Fr 7(Cs) for deriving the asymptotic states significantly simplifies the
construction.

We established a complete set of factorization conditions for scattering with impurities
in 1 + 1 dimensions, showing that they admit solutions with non-trivial bulk scattering if the
requirement of Lorentz (Galilean) invariance on the bulk S-matrix is relaxed. This feature,
which is not surprising in the presence of defects, represents one possible way out from the
no-go theorem of [19].

The concept of RT algebra, introduced in this paper, opens a variety of new directions
for further research. On the mathematical side, the interplay between Cs, Bs and ZF algebras
deserves a more detailed analysis. A link between Bs and the ZF algebra has been explored in
[31]. From the physical point of view, Cs appears to be the natural candidate for replacing the
ZF algebra in the form factor program for integrable models with impurities. The construction
of off-shell local fields in this context is a challenging open problem. We strongly believe
that besides integrable systems, RT algebras apply also to (1 + 1)-dimensional conformal field
theory with permeable walls, which partly transmit and partly reflect the incident waves. Such
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theories [32, 33] have obvious relevance to critical phenomena and have recently acquired
some importance in the theory of strings and branes. Finally, for applications to impurity
problems in condensed-matter physics, one needs finite temperature representations of the RT
algebras, which requires the construction of Kubo—Martin—Schwinger states over Cs. We are
currently investigating some of these issues.
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